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Abstract
In this paper we construct, and investigate some thermal properties
of, the non-commutative counterpart of Rindler space, which we call
κ–Rindler space. This space is obtained by changing variables in the
defining commutators of κ–Minkowski space. We then re-derive the
commutator structure of κ–Rindler space with the help of an appro-
priate star product, obtained from the κ–Minkowski one. Using this
star product, following the idea of Padmanabhan, we find the leading
order, 1/κ correction to the Hawking thermal spectrum.
Classical general relativity is based on two principles. The first is the
equivalence principle which states that locally, in a sufficiently small neigh-
borhood of a given space-time point P one can always describe physics in
the language of special relativity i.e., of particles and fields in Minkowski
space. On the basis of this principle one deduces that the dynamical field
describing gravity should be identified with a metric of space-time manifold,
or, more precisely, with the tetrad field (see e.g., [1] for detailed discussion.)
The second postulate of general relativity is the specific form of Einstein
equations, being a second order nonlinear differential equation for the met-
ric, or, equivalently, of Einstein–Hilbert action.
As it became more and more clear from investigations of classical and
semi-classical properties of black holes there is one more universal property
of gravitating system: a deep relation between horizons and thermodynam-
ics. Already in early 1970s it was observed by Bekenstein [2] that four laws
of black hole dynamics, and especially the second one, can be given ther-
modynamical interpretation, if one identifies entropy with the area of the
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black hole horizon and temperature with its surface gravity (acceleration of
a static observer at the horizon, as seen by an observer at infinity.) This
observation has been but on firm ground by Hawking’s seminal discovery of
thermal black hole radiation [3], with the temperature indeed proportional
to the surface gravity.
It then turned out that there is a surprising relation between thermody-
namics of horizons and dynamics of gravity. In a remarkable paper [4] (see
also [5], [6]) Jacobson was able to show that one can interpret Einstein equa-
tions as equations of state associated with thermodynamics of a horizon that
forms in flat space-time in the coordinates associated with uniformly accel-
erating observer. Such space-time is called Rindler space. It seems therefore
that it is, Rindler, and not Minkowski, space that plays a distinguished role
in formulation of general relativity.
Rindler space can be obtained from Minkowski space with coordinates
(T,X,Z⊥), Z⊥ = (Y,Z) by the following coordinates transformation, corre-
sponding to the observer moving with the constant acceleration a
T = N(x) sinh at, X = N(x) cosh at,Z⊥ = z⊥ (1)
whereN is a positive function of the coordinate x, under which the Minkowski
metric ds2 = −dT 2 + dX2 + dZ2
⊥
transforms to
ds2 = −a2N2(x) dt2 + (N ′)2(x)dx2 + dz2⊥ (2)
Clearly, the coordinates (t, x, z⊥) cover only part of the original Minkowski
space, but one can extend them to cover the whole of it. This reminds the
situation one encounters analyzing Kruskal coordinates for Schwarzschild
black hole. To start with one covers with these coordinates just the sector I
of black hole (the space-time outside the horizon) and then one constructs
maximally extended coordinates covering all the remaining sectors. In fact
the analogy is even deeper, as one can easily check that Rindler space de-
scribes the geometry of Schwarzschild black hole near the horizon, if one
identifies a with the black hole surface gravity (see e.g., [6] and references
therein.)
In spite of more than thirty years of intensive investigations gravito-
theormodynamics is still plagued with problems and puzzles, of which the
most well known ones are the mysterious origin of black hole entropy and
the information paradox. It is widely expected that we will be able to handle
them only when the theory of quantum gravity is understood and Planck
scale effects are properly taken into account.
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Although we still do not have quantum theory of gravity in our disposal,
there are reasons to believe that when quantum gravitational effects are
taken into account, space-time becomes non-commutative, with the scale of
non-commutativity of order of Planck scale. This has been rather firmly
established in the case of 2+1 gravity [7] and there are indications that it
holds in the physical 3+1 gravity as well [8]. Although not fully established,
it is claimed, by analogy with 2+1 dimensional result, that in 3+1 dimen-
sions, the form of non-commutativity is that of κ-Minkowski space [9], [10]
whose defining commutators in Cartesian coordinates take the form
[Tˆ , Xˆi] =
i
κ
Xˆi, [Xˆi, Xˆj ] = 0 (3)
where κ is a mass scale, usually identified with Planck mass.
To find the accelerated observer counterpart of (3) let us make the trans-
formation analogous to (1) (with N(x) = x)
Tˆ = xˆ sinh atˆ, Xˆ = xˆ cosh atˆ, Zˆ⊥ = zˆ⊥ (4)
By making use of the Baker–Campbell–Hausdorff formula one finds the com-
mutators of (tˆ, xˆ) variables
[tˆ, xˆ] =
i
aκ
cosh atˆ, (5)
The commutators of these variables with the transversal ones are not easy
to find due to the notorious ordering problem. What one has to do is to
deduce the commutators [tˆ, zˆ⊥] and [xˆ, zˆ⊥] from the ones following from
substituting (4) to (3), that is, from
[xˆ sinh atˆ, zˆ⊥] =
i
κ
zˆ⊥, [xˆ cosh atˆ, zˆ⊥] = 0, [zˆ⊥, zˆ⊥] = 0 (6)
As we will see below (11), it can be expected that on the right hand side
of the commutators [tˆ, zˆ⊥] and [xˆ, zˆ⊥] there will appear complex operators,
involving xˆ−1, which should be appropriately ordered. Unfortunately, we
were not able to solve (6) and find expressions for these commutators. In-
stead, in what follows we will make use of star product formalism, which is
better suited to our present purposes.
As it is well known for κ-Minkowski non-commutative structure there is
an associated star product, whose construction is described in details in [11]
(see also e.g., [12] and [13]). The idea is to replace a function on κ-Minkowski
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space fˆ(Xˆ, Tˆ ) with a corresponding function on ordinary Minkowski space
f(X, T ) with the help of the so-called Weyl map W
W
[
fˆ(Xˆ, Tˆ )
]
= f(X, T )
in such a way that the image under the Weyl map of a product of two
functions on κ-Minkowski space is given by star product of their Minkowski
space images, to wit
W(fˆ(Xˆ, Tˆ )gˆ(Xˆ, Tˆ )) = f(X, T ) ⋆ g(X, T ) (7)
The ⋆ operator is rater complex, and its explicit form can be found in [14].
For a moment we will need just its leading order in the inverse powers of κ
expansion. One finds
f ⋆ g = fg −
i
κ
(
T
∂f
∂X
·
∂g
∂X
+X ·
∂f
∂X
∂g
∂T
)
+O(κ−2) (8)
where · denotes scalar product of three-vectors. To see how this star product
works let us reproduce the commutator (3). We have
[T,X]⋆ ≡ T ⋆ Xi −Xi ⋆ T = TXi −XiT +
i
κ
Xi =
i
κ
Xi
as it should be. Since the higher order terms in 1/κ involve higher derivatives
they do not contribute to the [T,X]⋆ commutator.
One can change variables in the star product (8) to obtain the one that
is associated with κ-Rindler space. It reads
f ⋆ g(x, z⊥, t) = fg(x, z⊥, t)−
i
aκ
(
cosh at
∂f
∂x
−
sinh at
ax
∂f
∂t
)
∂g
∂t
−
i
κ
x sinh at
∂f
∂z⊥
·
∂g
∂z⊥
−
i
κ
z⊥ ·
∂f
∂z⊥
(
− sinh at
∂g
∂x
+
cosh at
ax
∂g
∂t
)
(9)
Using the star product we can define yet another commutator of basic
variables. For example
[t, x]⋆ ≡ t ⋆ x− x ⋆ t =
i
aκ
cosh at (10)
and thus the star commutator reproduces the formula we have found above
(5). Similarly we can find the star commutator involving transversal coor-
dinates z⊥. We have
[t, z⊥]⋆ ≡ t ⋆ z⊥ − z⊥ ⋆ t =
i
axκ
z⊥ cosh at (11)
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[x, z⊥]⋆ ≡ x ⋆ z⊥ − z⊥ ⋆ x = −
i
aκ
z⊥ sinh at (12)
[z⊥, z⊥]⋆ = 0 (13)
This provides us with the bracket structure for κ-Rindler space that we were
not able to find in the operator formalism (see discussion above). This is
because the star product avoids the ordering problem, since the functions
the operator (9) acts on are already ordered, in the sense that they result
from Weyl map of functions for whose some ordering has been chosen. We
will discuss the relation between commutators of operators (xˆ, zˆ⊥, tˆ) and
star product commutators defined above in more details in the forthcoming
paper. Notice however that the star product formalism, where we have
to do with ordinary functions on space-time, whose physical meaning is
clear, is much better suited for explicit model calculations than the operator
formalism, where the meaning of (xˆ, zˆ⊥, tˆ) and functions of them is far from
clear.
Now we have all the necessary technical tools to address the main prob-
lem of this paper, namely the κ corrections to some gravito-thermodynamical
effects.
Usually such question are addressed in the context of quantum field
theory in curved space-time. However, the core of the temperature effects
in gravitational fields (like Unruh effect or Hawking radiation) is related
to the fact that what inertial (or asymptotic at I−) observer finds to be
a positive energy plane wave becomes a thermal mixture of positive and
negative frequencies when observed by an accelerated one (asymptotic at
I+). This mixing of positive and negative frequencies can be, as noticed in
[6] (see also [15]), calculated in a purely classical context. Let us recall how
this can be done.
Consider the on-shell plane wave corresponding to a massless mode with
positive frequency Ω moving in X direction in Minkowski space
φ(X,T ) = exp (−iΩ(T −X)) (14)
Expressed in terms of the (t, x) coordinates of accelerating Rindler observer
this plane wave has the form
φ(X(x, t), T (x, t)) ≡ φ(x, t) = exp
(
iΩxe−at
)
(15)
which is clearly not monochromatic and instead has the frequency spectrum
f(ω), defined by Fourier transform
φ(x, t) =
∫ ∞
−∞
dω
2π
f(ω) e−iωt (16)
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with the associated power spectrum P (ω) = |f(ω)|2. By taking the inverse
Fourier transform we find
f(ω) =
∫
∞
−∞
dt eiΩxe
−at
eiωt = (Ωx)iω/a Γ
(
−
iω
a
)
eπω/2a (17)
Then one easily calculates that the power at negative frequencies, per loga-
rithmic band in frequencies is Planckian, at temperature T = a/2π
ω |f(−ω)|2 =
2π/a
e2πω/a − 1
(18)
and the ratio of powers associated with negative and positive frequency is
|f(−ω)|2
|f(ω)|2
= e−2πω/a (19)
Thus the waves seen by the inertial observer as monochromatic with ar-
bitrary frequency appears to the Rindler one as having thermal spectrum.
This observation is at the core of gravito-thermodynamics.
Our goal now is to find out what are the corrections to (18), (19) resulting
from noncommutative κ–Rindler space. To set up the stage let us consider
the integral in (17). Certainly we have to replace the ordinary product of
functions eiΩxe
−at
eiωt with the corresponding star product
fRκ (ω) =
∫
∞
−∞
dt eiΩ(T (x,t)−X(x,t)) ⋆ eiωt =
∫
∞
−∞
dt eiΩxe
−at
⋆ eiωt (20)
This formula is, of course, not unambiguous. First it is not clear why we
choose the first term to be just the same plane wave as in the undeformed
case. The reason is that the star product has been carefully chosen so that
the Weyl image of κ-Minkowski ordered plane wave, with time to the right
e−ikXˆeik
0Tˆ is just the standard plane wave (see [11] for detailed discussion)
W
(
eikXˆe−ik
0Tˆ
)
= e−i(ΩT−KX)
where Ω, K are functions of the original labels k, k0 satisfying for free mass-
less field the condition Ω2 −K2 = 0, which leads, after change of variables
(1) with N(x) = x to the expression in (20). There is still the ambiguity of
the ordering of star product (f ⋆g 6= g⋆f), but in this paper we will consider
that of (20) only, because the star product we are using was defined for the
“time to the right” ordering.
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Thanks to the fact that one of the terms in star product (20) is just
a plane wave, corresponding to the massless mode, the expression for it
simplifies considerably. Using the explicit formulas presented in [14] one
finds1
eiΩ(T (x,t)−X(x,t)) ⋆ eiωt = eiΩ(T (x,t)−X(x,t)) lim
T ,X→0
Oeiωt(T+T ,X+X ) (21)
with t(T,X) ≡ 1/aAr tanhT/X and
O ≡ exp
(
−ixe−atΩ(E − 1)− x sinh at
Ω/κ
1 + Ω/κ
F
)
(22)
where E and F are differential operators
E = −
1
iκ
∂
∂T
+
√
−

κ2
+ 1,  =
∂2
∂T 2
−
∂2
∂X 2
(23)
F =
∂
∂T
+
∂
∂X
(24)
These formulas are the main result of the paper. It is rather clear that
there is little hope in finding explicit expressions from them and below we
will just calculate them in the leading order in 1/κ expansion. It is clear
however from the form of (21), (22) that contrary to the undeformed case
(18) the power spectrum as seen by accelerated observer will now depend
on the original plane wave frequency Ω and the observer distance from the
origin x. This is easy to understand. In the original calculation there was
no scale and therefore all values of Ω (and x) were ‘equally good.’ In our
case the presence of κ provides a reference point, with respect to which Ω
(and x) can be measured. For example it is now a well posed question to ask
if Ω is small as compared to the Planck scale given by κ or if the observer
is at large distance from the origin. Notice that the frequency (or energy)
dependence seems to be a general feature of κ world whose ‘rainbow’ nature
has been noticed in different contexts (see e.g., [16], [17].)
After these general comments let us return to calculating the leading
order corrections to the temperature spectrum. Expanding O we obtain
O = 1 +
Ω
κ
[
xe−at
∂
∂T
− x sinh at
(
∂
∂T
+
∂
∂X
)]
+O
(
1
κ2
)
(25)
1As a result of different definition of what the positive energy modes are, there is a
sign difference between our present convention and the one of [14].
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Acting with this operator on eiωt = exp(iω/aAr tanhT/X) as in (21) and
taking the limit we find
O eiωt =
(
1 +
iωΩ
aκ
e−2at
)
eiωt +O
(
1
κ2
)
(26)
The counter part of the integral (17) is now
fκ(ω) =
∫ ∞
−∞
dt eiΩxe
−at
eiωt
(
1 +
iωΩ
aκ
e−2at
)
which can be easily evaluated with the help of the identity Γ(z + 2) =
z(z + 1)Γ(z)
fκ(ω) = (Ωx)
iω/a Γ
(
−
iω
a
)
eπω/2a
[
1−
iω
aκΩx2
iω
a
(
1−
iω
a
)]
(27)
from this we deduce that the power, per logarithmic band in frequency, at
negative frequencies has the form
ω |fκ(−ω)|
2 =
1
T
1
eω/T − 1
[
1 +
1
κ
T 2ω2
2π2Ωx2
]
(28)
with T ≡ a/2π is the Hawking temperature associated with the acceleration.
We see therefore that there are 1/κ no-thermal corrections to the classical
power spectrum. They form however differs from the ones calculated in
the context of modified dispersion relation/generalized uncertainty principle
in [18], where the leading order corrections are appears only at 1/kappa2.
However, to this order the ratio of powers of negative and positive frequencies
is still purely classical
|fκ(−ω)|
2
|fκ(ω)|2
= e−ω/T (29)
It is not clear if this last, quite surprising, result holds beyond the leading
order approximation. This would be the case if Oeiωt would contain only
even powers of ω.
This question will be addressed in the forthcoming paper, where κ–
Rindler space construction and its relation to boosts acting on κ–Minkowski
space will be also presented.
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